Pion as a Longitudinal Axial- Vector Meson qq Bound State 
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The success of the Adler-Bell-Jackiw(ABJ) chiral anomaly prediction for 7r° 77 decay 
rate shows that non-anomaly terms would make a negligible contribution to the decay rate, 

in agreement with the Sutherland- Veltman theorem. Thus the conventional qq bound-state 

O ' ... ... n 

' description of the pion could not be valid since it would produce a tt 77 decay amplitude 

, not suppressed in the soft pion limit, in contradiction with the Sutherland- Veltman theorem. 

["t I , Therefore, if the pion is to be treated as a qq bound state, this bound state would be a 

longitudinal axial-vector meson. In this paper, we consider the pion to be a longitudinal 
axial-vector meson qq state with derivative coupling for the pion-gg Bethe-Salpeter(BS) 
amplitude. We shall show that, the longitudinal axial-vector meson solution for the pion qq 
I , Bethe-Salpeter wave function could produce a suppressed 7r° 77 decay amplitude in the 

O ' soft pion limit, in agreement with the Sutherland- Veltman theorem. 
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ff^ ■ Chiral symmetry, as known from the success of the Goldberger-Treiman relation for the pion- 

^ : 

CSJ . nucleon coupling constant obtained from the PCAC hypothesis, is a good symmetry of strong 



(N 
O 
m 



interactions. The spontaneous breakdown of the SU{2) x SU (2) chiral symmetry generates a 
massless Nambu-Goldstone boson which then acquires a small mass through a chiral symmetry 



then produce the 



breaking quark mass term. PCAC and Adler-Bell-Jackiw chiral anomaly ^- 

^ . vr'^ ^ 77 decay rate in good agreement with experiment. On the other hand, in a conventional 

H ' 

bound-state model, a neutral pseudoscalar qq ^ state, like the r]c meson, is usually massive and 



could decay into two photons like the two-photon decays of positronium and heavy quarkonium. 
Being massive, they cannot be identified with the neutral pseudoscalar meson of the ground state 
SU{3) octet like vr'^ and r/ meson, the Nambu-Goldstone bosons of the SU{3) x SU{3) chiral 
symmetry. In the traditional non-relativistic and relativistic bound-state calculations, one could 
compute the 7r° 77 decay rate using the physical pion mass and obtains some agreement with 



experiment 



but this particle could not be the pion, since the two-photon decay amplitude 



for this pseudoscalar qq state is not suppressed in the soft pion limit according to the Sutherland- 
Veltman theorem [s, 9]. The pion could however be in a longitudinal axial- vector meson qq state, 
if this state could produce a suppressed vr'^ 77 decay amplitude in the soft pion limit so that the 
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agreement with experiment for the ABJ anomaly prediction of the vr^ two-photon decay rates is 
preserved. In this paper, we shall show that, with the longitudinal axial-vector meson pion BS wave 
function, the vr^ — )• 77 decay amplitude would be suppressed in the soft pion limit, in agreement 
with the Sutherland- Veltman theorem. Since the basis of our analysis is the Sutherland- Veltman 
theorem, for convenience, we reproduce this theorem here. Writing the vr*^ — t- 77 amplitude in the 
original notation [S], we have: 

9 eai3yseiae2i3ki-yk25 = eiae2/3 j < 0|T[jia(a;) j2/3(0)|7r° > exp(-i/ci • x)d'^x. (1) 

Using PC AC with 

^^A^' = Umlif^, (2) 

one finds: 

/ 2 2 \ 

{q -m^^^^^^^ j < o[T[ji«(x)j2/3(0)9^4(2)|0 > exp (-i fci • x + i g • z)d^x 



f^rK 
{q^ - ml) 
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Since gauge invariance requires that 



eiae2/3Q'M J < 0|T[jiQ,(x) j2/3(0)j^(2;)|0 > exp^-iki-x + iq- z)d'^xd'^z. (3) 



J < 0|T[jiQ,(x) j2/3(0)i^(2:)|0 > exp^-iki ■ X + iq ■ z)d'^xd'^z (X eai3ucTkiuk2aqfj.- (4) 

for q'^ = {q being the pion momentum), 5 — J- in the soft pion limit, the amplitude vr'' — t- 77 is 
0{q^) and becomes suppressed as q^ — )■ 0. This theorem is now evaded by the ABJ anomaly which 



gives us the well-known chiral anomaly prediction for vr*' — )• 77 decay : g = —{a /At:) //^r 

We have seen that without the ABJ anomaly, the tt^ — t- 77 decay would be suppressed. In any 
model calculation, for example, in non-relativistic or relativistic calculation, without PCAC and 
chiral symmetry, the Sutherland- Veltman theorem does not apply and the two-photon decay is 
not suppressed in the soft pion limit as found in existing bound-state calculations of quarkonium 
two-photon decays [J-lZ|]. It follows that the pion could not be described by the usual ^Sq state 
momentum-independent qq bound-state wave function. Since many properties of hadrons, and in 
particular, the light mesons and quarkonium systems, are well described by the qq bound-state 
picture, the problem is how to reconcile this bound-state picture with the Nambu-Goldstone boson 
character of the pion. The solution of the problem could be found easily by looking at the solution 
of the relativistic bound-state Bethe-Salpeter(BS) equation [u| for a qq system. For a pseu- 
doscalar meson, there are two possible solutions. The pseudoscalar solution with the momentum- 
independent wave function of the form P75 and the longitudinal axial- vector momentum-dependent 
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j675^ solutions. As mentioned above, the pseudoscalar solution would be in contradiction with 
the Sutherland- Veltman theorem and therefore could not be the correct pion qq bound-state wave 
function. The longitudinal axial-vector solution would be acceptable. In fact, if the pion is a 
longitudinal axial-vector meson qq bound state, the — > 77 amplitude computed with this wave 
function, as shown below, would be similar to the free quark triangle graph contribution to the 
two-photon matrix element of the axial- vector current divergence < 0[9^j4^(0)j77 > and therefore 
vanishes in the massless quark limit and thus does not contribute to the vr'' 77 decay. In the 
following we present a computation of the vr'' — )• 77 amplitude using the longitudinal axial-vector 
meson as the pion BS wave function 

q) = ibi'o + 75 Hi + ib/ip- q'4'2 + 75 [/^, i']V'3- (5) 

where p and q is the pion and relative momentum of the qq system, with the quark and anti-quark 
momwentum qi = q+p/2^ q2 = q — p/2 and ipiji = 0, ...,3 are the scalar functions of p and q. The 
first term iJjq in Eq. ([5]) is the momentum-independent wave function, as mentioned above, produce 
a vr'^ ^ 77 decay in the soft pion limit and is dropped here. The third term ■ip2 which is 0{p ■ q) 
could give a contribution 0{p) in the soft pion limit and need not to be considered here. The last 
term ip^, does not make a contribution to vr'^ 77 decay by the triangle graph. This leaves us 
with the ipi term as the longitudinal contribution to the vr'' — ?> 77 decay. The BS equation |3] for 
ip{p,q) with the gluon propagator G^u{k — q) reads: 

{A+ P/2mp,q){/i- P/2) = -ij |!^7^v(p,g')7.G^.('?' - q)- (6) 

Since, by definition, the BS vertex function Tfp, q) is the BS wave function with the free quark 

nn 

propagator removed |l3l.ll4l|. Eq. ^ can be used to express T{p, q) in terms of the BS wave function 
V'(P) q)- We have: 

[ d^q' 

r(p, q) = -'^j I'h^'^t^'^ii' - 1)- (7) 



In the following, as our purpose is to obtain the soft pion limit for vr^ — t- 77 decay, we consider 
only the longitudinal solution for the BS wave function 75 pipi given in Eq. ([5]), and for simplicity, 
we use the gluon propagator in the Feynman gauge with Gfiv{q' — q) = —Qfiu/iq' — q)"^- The 
Tj-O decay amplitude is given by the quark loop triangle graph similar to the ABJ chiral 

anomaly triangle graph, except that the point-like axial-vector current vertex 7^75 is replaced by 
the BS longitudinal axial- vector meson wave function V'(P)^z') = 75 /PV'i(P) 9')) ^'^^ factor 
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l/{q' — q)^ from the gluon propagator which makes the integration over q convergent and could 
be carried out by the usual change of variable, assuming the integral over q' convergent. Similar 
to the calculation of Ref. l|, the vr*^ — )• 77 decay amplitude with the BS vertex function T{p,q) 
shown in Fig. [TJ after a change of variable / = q +p/2, with / one of the quark momentum in the 
triangle loop and T{p, q) = r(p, /) and putting m = 0, is given by: 

M = -ie^ j '^^^'^'^{^^'^Jjr^ ^^•'Jj^J^^ ^1^) "^^P'^) + (^^'^1 ^ ^2,k2 terms) (8) 
with the scalar part of the BS vertex function r(p, /) given by: 



(27r)4 (/' - /)2 



J(P^^) = -^I T^^.T^- (9) 



Using the identity 

1 



-75 + 7577- — 77, p = ki + k2 (10) 



U- M) (/+ A) U- M)' ' U+MY 

The Dirac 7 term (the Trace term), is then split into two contributions. The contributions from 
the 1st and 2nd diagrams in Fig. [T]are respectively then: 

rj. _ M/- M) h /75 /^2(/+ h) h /75 

^ {i-k2)n^ {i + kifp ^ ' 

rp _ M/- M) ^2/75 A(/+ M) h/i5 (-.r^. 



We see that, provided that the integral over / converges, the fc2-terms in Eq. (jlip and Eq. (jl2p 
would cancel after integration over / by a change of variable Z — /c2 — ?• / and / ^ / + A;2 in the A:2-terms 
of Eq. (jlip and similarly for the /^i-terms with a change of variable I — ki ^ I and I ^ I + ki in 
Eq. (112p . This is not the case with point-like axial- vector current in the triangle graph since the 
shift of the integration variable / — A;2 ^ Hn Eq. pT|) , or / — /ci — )• / in Eq. (fT2|) , would induce an 



anomaly term [15[. This is the weU-known anomaly terms for the divergence of the axial- vector 
current [l]. In our bound-state calculation, the point-like axial- vector current is replaced by the 
longitudinal axial- vector meson BS vertex function and the 1 //^ behavior of the gluon propagator 
at large P would make the integrals over / convergent for ki and /c2 terms in the two diagrams. 
Taking the trace, the total contribution to vr*^ — > 77 decay amplitude is then given by: 



2 f d l ( 4ie{ei,e2,ki,l)Al ■ ki 4ie{ei,e2,k2,l)4:l ■ h 



M=-^e' - rr - r: + rr ^ : Jip^ o- (13) 



(27r)n (Z2(/-fci)2(/ + A;i)2) (Z2(/ _ fc2)2(/ + A^s)^) , 

where e{€i,€2,ki,l) and e(ei, 62, A;2, /) denote the contraction of ei, e2, fci, / and ei, €2, A;2, ^ with the 
anti-symmetric tensor e. Assuming that the integral over /' in J(p, I) is finite, the integration over 
/ in the above expression will produce terms proportional to e(ei, £2, ki, ki), e(ei, €2, ki,l') I' ■ ki for 
fci-term and e{ei,e2,k2,k2), e{ei,e2,k2,l') I' • k2 for /c2-term in Eq. (fT3]) . Since e(ei, €2, fci, /ci) = 
) €2) ^2, ^2) = 0, only the term survives after integration over /. After integration over I', 
only terms proportional to p ■ ki and p ■ k2 survive, but these are 0{p'^) and are suppressed in the 
soft pion limit, in agreement with the Sutherland-Veltman theorem. Provided that the integrals 
over / and /' are finite, this result does not depend on the detailed form of the BS wave function 
and the use of the one-gluon exchange kernel in J{l,p). The vr'^ — )• 77 decay is then given by the 
ABJ anomaly which agrees well with experiment. This implies the absence of the pseudoscalar 75 
component in the pion BS wave function and the pion thus behaves as a longitudinal axial-vector 
meson. Also, since the momentum-dependent longitudinal axial-vector meson BS wave function 
generates only the kinetic term, pion remains massless. The pion mass term has to be generated 
by chiral symmetry breaking term as the cr-term in the a model [16 1 . 



In conclusion, we have derived the Sutherland-Veltman theorem for the vr'' — )• 77 decay consid- 
ering the pion as a longitudinal axial-vector meson qq bound state. This allows us to say that the 
pion could be a qq bound state at the same time a Nambu-Goldstone boson of chiral symmetry with 
the two-photon decay given by PCAC and the ABJ chiral anomaly. The momentum-dependent BS 
wave function could then be used to obtain the derivative couplings with hadrons, in agreement 
with chiral symmetry. 
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